Abstract. We briefly review of the definitions of the total energy, the total linear momentum and the angular momentum of gravitational field when the cosmological constant is zero. In particular, we show pseudotensor's definition of the energy and the momentum given by Prof. Duan in 1963 agree with the ADM total energy-momentum and the Bondi energy-momentum at spatial and null infinity respectively. We also review the relevant energy-momentum inequalities. Finally, we provide a short review of the positive energy theorem and the peeling property of the Newmann-Penrose quantities when the cosmological constant is positive.
1. Energy-momentum of gravitational systems 1.1. The total conserved quantities for matter fields. It is well known that conserved quantities, such as energy and momentum, are very important both in physics and in mathematics. For ordinary matter fields, people usually use the energy-momentum tensor T ab to describe the distribution of energy and momentum. Such tensor comes from the variation of Lagrangian function of the matter field. For simplicity, we only consider Lagrangian which contains the physical field φ and its first order derivative, i.e. L m = L m (φ, ∇φ, g ab ), φ is a (p, q) type tensor field. The space-time metric g ab in the Lagrangian is only served as a geometric back ground, which means the physical field φ is living on a fixed space-time and the back reaction of the matter field to the space-time is neglected. Since the Lagrangian is a scalar function on space-time, it should be natural to require that it is diffeomorphism invariant, i.e. L m (ψ * t [g ab ], ψ * t [φ], ψ * t [∇φ]) = ψ * t [L m (g ab , φ, ∇φ)] holds for any diffeomorphism map ψ * t . Given the Lagrangian L m , the energymomentum tensor can be calculated as following [1] : This term appears because of the deformation of the covariant derivative ∇. ∆ ac···g··· bd···h··· is the (p + q + 1, p + q + 1) type invariant tensor, which is built from the Kronecker deltas. Some simple calculation will show that the diffeomorphism invariance of L m ensures that T ab is divergence-free. If O is a physical observer, he can measure the energy density ρ and energy flux j a at each point of space-time, which can expressed as ρ := T (e 0 , e 0 ), j i := T (e 0 , e i ), i = 1, 2, 3, (
where e 0 is the 4-velocity of this observer and e i are normal basis chosen by him. If Σ is a Cauchy surface, one may naively think the total energy of field φ on Σ should be
Unfortunately, such simple idea is NOT correct. A simple observation is above defined total energy E may not be conserved although the energymomentum tensor is divergence-free. One can understand such problem in Minkowski case. If the background space-time is Minkowski and O are inertial observers, it is easy to show that the energy defined by (1.4) is conserved. If O are not inertial observer, the conservativeness of E is broken. The key difference between the two kinds of observers is that the 4-velocity of initial observers is a Killing vector field. In fact, it is quite difficult to define a conserved total energy for general observers. For stationary space-time, a suitable definition of the total energy on Σ is 5) where t a is the time-like Killing vector and n is the normal vector of Σ. Using the property of Killing vector field, it is easy to show that such energy is conserved. For non-stationary case, such conserved total energy does not exist. A physical explanation for this phenomena is that the non-stationary back ground gravitational filed will inject energy to the matter filed which makes the total energy of φ non-constant. Similarly, one can also define the linear momentum P i measured by an observer O as
(1.6)
If Σ is still Cauchy surface, a space-like Killing vector k will give a conserved quantity P k as
We notice that existence of a conserved quantity is always associated with the existence of a Killing vector. This is nothing new but result of the wellknown Noether theorem. This result also has a more direct way to see. If ξ is a Killing vector, it will generate a diffeomorphism map ψ * t which satisfies
Taking the t derivative, one gets 
where θ ab is called canonical energy-momentum tensor and C a [K] is called canonical Noether current. The difference between θ ab and T ab is some divergence term. Unlike T ab , θ ab contains some "unphysical" information. Different choice of gauge, coordinates or boundary condition may give different θ ab . This is also the reason why people can construct many different type energy definition for gravitational field [1, 12] . Starting from this equation and using the fact that φ is a solution and K is Killing vector, one can get the conserved current J a again.
1.2. The total conserved quantities for gravity. In last section, we discussed the total energy and momentum of a matter field. The Noether's principle is a nice tool to define conserved quantities. For gravity case, things become more complex. For matter case, the space-time (M, g ab ) is only served as a background and does not involve the dynamics. The nondynamical background structure enables us to do variation for dynamical variables φ and for background g ab separately and corresponding results are the dynamical equation and the energy-momentum tensor. If we consider gravity, φ and g ab are all dynamical variable so we have no natural energymomentum tensor for gravitational field. This fact also can be seen as the result of equivalent principle. Roughly speaking, Eq.(1.1) shows that the energy-momentum tensor of matter field will depend on the first derivative of the field variables in quadratic form, but the existence of Riemann normal coordinates implies such term will always vanish. This fact implies that one need some "additional structure" to introduce the conserved quantities for gravity. The first "additional structure" is Killing vector. As we have noticed in last section, the existence of Killing vector is helpful for finding conserved quantities. With the help of Killing vector, one can introduce conserved quantities following the idea of Noether theorem.
Consider the Einstein-Hilbert action
Obviously, L EH = R √ −g is diffeomorphism invariant. Suppose there exists a Killing vector field ξ on space-time, ψ * t is the difeomorphism map generated by ξ,
So we get a conserved current J a = R ab ξ b . Using the Killing equation, such current can be rewritten as
(1.14)
Using Stokes' theorem, the conserved charge Q is [5, 6, 7] . It is found that the Einstein equation can be rewritten into following form under suitable choice of coordinates, 16) where T ab is the energy momentum tensor of matter field, U ac b is called superpotential and satisfies
b . Using the symmetric property of U ac b , it is easy to see that
Since T ab is divergence-free, above equation implies
t a b is called the energy-momentum pseudotensor of gravitational filed. Weinberg gave a more direct way to see why people call t a b energy-momentum pseudotensor [7] . He introduces a "Minkowski-like" coordinates in asymptotic flat space-time and reexpresses the metric as g ab = η ab + h ab . If h ab is small enough, the Einstein equation becomes 19) where R
ab − 1 2 R (1) η ab is the linear term of h ab in Einstein tensor. In this equation, it is quite clear that t ab is contributed by the curved geometry and can be seen as the energy-momentum pseudotensor. Since the energymomentum pseudotensor is related with different coordinate choice, there are many different kinds of energy-momentum pseudotensor which were found by different physical motivations, such as [5, 6, 7, 8, 9, 10] .
To understand more about the energy-momentum pseudotensor, analysis of last section is very helpful. One can understand the energy-momentum pseudotensor in terms of the Noether's principle. Starting from the standard Einstein-Hilbert Lagrangian L EH = 1 16π R √ −g, one can rediscover Moeller's energy-momentum pseudotensor by calculating the canonical energy-momentum tensor θ ab [11] . The reson why there exist so many energy-momentum pseudotensor is that there is another "additional structure" which has not been discussed. That is the boundary term of the Lagrangian. It is well-known that a total divergent term in Lagrangian will not contribute to the dynamical equation, but such term will contribute to the energy-momentum pseudotensor. Adding different boundary term, one can get different energymomentum pseudotensor by calculating associated canonical energy-momentum tensor θ ab [12] .
With the help of energy-momentum pseudotensor, one can define the total energy and linear momentum of gravitational field as
The energy-momentum pseudotensor is a quite useful tool for people to study gravitational physics. With help of it, people explained the energy loss of binary system, which was the first indirect evidence for the existence of gravitational wave [13] . People also used this method got the correct answer for the energy translation of the tidal friction processes, which was gravitational energy being translated into thermal energy caused by the tidal force of planet's elliptic orbits. Such phenomena was first observed on Io, a moon of Jupiter [14] .
Although the energy-momentum pseudotensor is very useful in many cases, the coordinates dependence is still a disadvantage. To avoid this disadvantage, many research work has been done. One way to solve this problem is to use tetrad instead of metric to rewrite the Lagrangian. It is well-known that the moving frame method is a very powerful method in differential geometry. Compare with the metric g ab , the tertad {e (α) } has more freedom. Such advantage has been noticed since the beginning of 1960's. In 1961, Moeller began to use "absolute parallelism" to reconsider pseudotensor problem [15] . Newman, Penrose and their colleagues developed techniques so called "Newman-Penrose formulism", which was using null tetrad to consider the gravitational radiation [17] .
1.3. Duan's energy-momentum. Almost the same time, unlike Moeller's absolute parallelism, Prof. Duan used ordinary orthonormal tetrad to study this problem [18] . This is a more natural choice.
Using orthonormal tetrad {e (α) }, one can rewrite the Einstein-Hilbert Lagrangian as [19] 
where e µ (α) is the tetrad, (α) is the tetrad index and µ, ν are coordinate index. Based on the idea of Noether theorem, considering the variation of above Lagrangian caused by diffeomophism map, Prof. Duan and his colleagues gave the expression of the total energy and momentum as [19, 20] : 25) where P (0) is the total energy and P (i) are total momentum components.
1.4. ADM total energy and linear momentum. Let's remember Weinberg's work [7] again. He tries to introduce some "Minkwoski coordinates" on space-time such that there is a "Minkowksi metric" η ab as a back ground. If the space-time is asymptotic flat, his idea makes sense. So the asymptotic flat condition also can been as a kind of "additional structure". For Asymptotic flat space-time (M, g ab ), if Σ is an asymptotic flat Cauchy surface of (M, g ab ), it should satisfies following conditions :
(i) C is a compact subset of Σ, Σ\C is diffeomorphic to R 3 \B R and {x i } is the Euclidean coordinates on this region. (ii) In the region Σ\C, the induced metric h ij and the extrinsic curvature K ij should satisfy following asymptotic conditions:
With such asymptotic flat condition, Arnowitt, Deser and Misner [22, 23, 24] introduce the ADM energy and momentum as the total energy and momentum of gravitational field on Σ
This is a well accepted definition of the total energy and momentum on Σ. [27, 28] . They gave famous Bondi-Sachs' radiating metrics, which are wave-like, vacuum solutions of the Einstein field equations, to describe the non-linear effect of gravitational waves. Such metrics take the following asymptotical forms
where u is retarded coordinate (u-slices are null hypersurfaces), r = x 1 , θ and ψ are polar coordinates, M , c, d are smooth functions of u, θ, ψ defined on R × S 2 with regularity condition 2π 0 c(u, θ, ψ)dψ = 0 for θ = 0, π and all u, l = c ,θ + 2c cot θ + d ,ψ csc θ,l = d ,θ + 2d cot θ − c ,ψ csc θ. With this metric, they also studied how gravitational waves carry away energy and momentum. Denote n 0 = 1, n 1 = sin θ cos ψ, n 2 = sin θ sin ψ, n 3 = cos θ. At null infinity, the Bondi energy-momentum on slice {u = u 0 } are defined as
for ν = 0, 1, 2, 3. Consider the time derivative of Bondi energy, one has
This is called Bondi energy-loss formula. The non-increasing property of Bondi energy indicates that the energy can be carried away by gravitational waves and the Bondi energy-momentum can be viewed as the total energymomentum measured after the loss due to the gravitational radiation up to that time. Let |m(u)| = m 2 1 (u) + m 2 2 (u) + m 2 3 (u). If |m(u)| = 0, Huang, Yau and Zhang proved the more general energy-loss formula [16] 
It is an interesting question whether the total angular momentum can be detected near or at null infinity. As it is still open to find smooth Bondi-Sachs' coordinates for Kerr spacetime, it is unclear what rotation means for gravitational systems traveling in the speed of light. In 1962, Newman and Unti introduced another coordinates, which is slightly different to Bondi-Sachs' coordinates, to describe asymptotic flat space-time [29] . The Newman-Unti coordinates for Kerr space-time has been worked out in [30, 31] . Wu and Bai also proved that Kerr metric is the unique stationary, axial-symmetric, asymptotic flat space-time under some algebraic conditions on Weyl curvature [30] .
Equivalence
In this section, we show that the energy-momentum defined by Prof. Duan are the same as the ADM energy-momentum, Bondi energy-momentum . Let's consider the ADM case first. With the asymptotic condition (1.26), we need to choose a suitable tetrad e i (α) and a suitable coordinate to do the calculation. For coordinates, we choose the standard "3+1" coordinates [25] as
where
Under such coordinates, one can choose tetrad as
With such tetrad and coordinates, one can simplifies Eq .(1.22) as
By definition,
The second term is e 0 (0) e j (β) η (β) . Using the asymptotic flat condition of tetrad (2.3), this term becomes
The third term is −e j (0) e 0 (0) η (0) , detail calculation shows it only contributes o(r −2 ) terms. Summarize above results and back to the definition of energy (1.22) , it is easy to see that Prof. Duan's definition of E agrees with the ADM energy (1.27) for asymptotic flat case. Now let's consider the total linear momentum P (i) . By definition (1.22),
The value of the first term is vanishes since η (i00) = 0. The second term is
Based on the choice of tetrad (2.3), above equation becomes
2 L n h ij , with the help of asymptotic condition for metric, we get
Similarly, the third term is
Back to Eq.(2.8), it is clear that Prof. Duan's total momentum also agrees with the ADM linear momentum in the asymptotic flat case.
The ADM energy characterize the total energy of an asymptotic flat Cauchy surface Σ. If one wants to consider gravitational radiation, The Bondi energy is need. The Bondi-Sachs metrics are [27, 28] 
where µ, ν = 2, 3,
(h µν ) = e 2γ cosh 2δ sinh 2δ sin θ sinh 2δ sin θ e −2γ cosh 2δ sin 2 θ , (2.15)
asymptotic behavior:
In the Bondi coordinates, one can choose tetrad as [52] e µ (0) = (1,
With the choice of coordinates and tetrad, the definition of energy (1.22) becomes
By definition, straight calculation will show
But the covariant derivatives are used in the definition. Using the asymptotic behaviors of 3-index symbols [27, 28] , we finally obtain 
Positivity of the total energy
It was conjectured that the total energy is nonnegative both at spatial infinity and at null infinity for isolated physical systems satisfying the dominant energy condition. For the recent progress of the topics, we refer to [32] for details. The positive energy conjecture for the ADM total energymomentum at spatial infinity was first proved by Schoen and Yau [33, 34, 35] , later by Witten using spinors [36, 37] . More precisely, they proved The positive energy theorem: Let (Σ, h, K) be asymptotically flat, with possibly a finite number of black holes. Suppose the dominant energy condition holds, then (i) E ≥ P 2 1 + P 2 2 + P 2 3 for each end; (ii) That E = 0 for some end implies M has only one end, and space-time is flat along Σ.
The total mass is E 2 − P 2 1 − P 2 2 − P 2 3 which is a Lorentzian invariant. When the positive energy theorem holds, the total mass is well-defined. In 1999, Zhang proved the positive energy theorem for generalized asymptotically flat initial data set (Σ, h, p) where p is general 2-tensor which is not necessary symmetric [38] . Geometrically, the second fundamental form p is nonsymmetric when spacetimes equip with affine connections with torsion. In this case matter translates, meanwhile, it rotates. The idea using connection with torsion was initially duo to E. Cartan [39, 40, 41, 42] . In [38] , Zhang defined the following generalized linear momentum counting both translation and rotation
and proved the following theorem.
The generalized positive energy theorem: Let (Σ, h, p) be generalized asymptotically flat, with a finite number of black holes. Suppose the generalized dominant energy condition
for each end; (ii) That E = 0 for some end implies M has only one end, and
In 1974, Regge-Teitelboim defined the total angular momentum for asymptotically flat initial data sets [43] ,
In general, the integrand is O( 1 r ) which may not be integrable. This ambiguity resolution requires stronger "Regge-Teitelboim" conditions on ends
The integrand in Regge-Teitelboim's definition is not tensor, it can not relate the local density to the total angular momentum. To resolve this difficulty, Zhang defined trace free, non-symmetric tensor of local angular momentum density [38] 
where ρ z is the distance function w.r.t some z ∈ M . If (Σ, g,h z ij ) is generalized asymptotically flat, Zhang defined the total angular momentum [38] 
J is also a geometric quantity which is independent on the choice of coordinates {x i } if |∇h z | is integrable. In Kerr spacetime, K ij = O( 1 r 4 ), so the total angular momentum is well-defined and it was found J = (0, 0, ma) [44] . By taking p ij = Ch z ij for certain constant C > 0, Zhang proved the Kerr constraint E ≥ C|J| under the generalized dominant energy condition [38] . It is worth pointed out that the dominant energy condition does not yield to the Kerr constraint. In [45] , Huang, Schoen and Wang showed that it is possible to perturb arbitrary vacuum asymptotically flat initial data sets to new vacuum ones having exactly the same total energy, but with the arbitrary large total angular momentum.
At null infinity, it was conjectured that the Bondi energy is nonnegative. The proofs of this conjecture were claimed by Schoen-Yau using geometric analysis methods, as well as by physicists using Witten's positive energy arguments (see [46] and references therein). However, extra conditions are required when two methods are worked out rigorously and completely [16] . In particular, by using the positive energy theorem near null infinity [47] 
Positive cosmological constant
Based on the experimental dates, e.g., Planck 2015 1 , the actual universe's metric is asymptotic to the FLRW metric with k = 0
where H > 0 is the Hubble constant, 3H 2 = ρ m + Λ c , ρ m ∼ = 0.3156 × 3H 2 is the matter density containing dark matter, Λ c ∼ = 0.6844 × 3H 2 is the real value of cosmological constant representing dark energy. Denote Λ = 3H 2 , λ = H −1 . The initial data set is (R 3 ,g = e 2Ht g δ ,K = Hg). To define the total energy-momentum from the Hamiltonian point of view, an asymptotically de Sitter initial data set (M, g, K) should satisfy
for constant t 0 on ends. Then the ten Killing vectors U αβ of R 4,1 and a and b are used to define the ADM-like total energy-momentum [48] . But there is no energy-momentum inequalities for them in general. Alternatively, there is different approach to define the total energy-momentum from the initial data set point of view. An initial data set (M, g, K) is P-asymptotically de Sitter if g = P 2ḡ , h = Ph for certain constant P > 0, and (M,ḡ,h) is asymptotically flat. LetĒ,P k andJ k (z) be the total energy, the total linear momentum and the total angular momentum of the end M l for (M,ḡ,h) respectively. The corresponding quantities for P-asymptotically de Sitter initial data set (M, g, K) are
and one of the positive energy theorem proved by Luo, Xie and Zhang [49] is as follows.
The positive energy theorem: Let (M, g, K) be a P-asymptotically de Sitter initial data set in spacetime L 3,1 satisfying the Einstein field equations
for any end; (ii) That E = 0 for some end implies
and the spacetime L 3,1 is de Sitter along M . It ensures that the total mass E 2 − P 2 1 − P 2 2 − P 2 3 is well-defined. The two definitions of total energy are the same both in the Hamiltonian formulation and in the initial data set formulation. But the definitions of the total linear momentum are completely different, while it is finite, defined in terms of h, the total linear momentum is infinite in general, defined in terms of K −K. So, in the Hamiltonian formulation, there should not be any energy-momentum inequality, but E ≥ 0 if tr g (K) ≤ √ 3Λ in this case. In 2012, Liang and Zhang constructed counterexamples of the above positive energy theorem while the condition tr g (K) ≤ √ 3Λ is violated [50] . By suitable coordinate transformation, the FLRW metric can be transferred into the retarded coordinates which are used to study the nonlinear theory of gravitational waves. In general, if spacetimes have a family of non-intersecting null hypersurfaces given by the level sets of smooth function u, gravitational waves can also be described as the Bondi-Sachs metrics even if the cosmological constant is nonzero. For the positive cosmological constant, u is only continuous with discontinuous derivatives across the cosmological horizon, so the above metrics are valid only inside and outside the cosmological horizon.
The theory of gravitational waves for positive cosmological constant has been studied extensively in recent years. In [51] , a detail asymptotic analysis of Bondi-Sachs metrics was provided by assuming Sommerfeld's radiation condition, which is natural in numerical simulations,
with the regularity condition 2π 0 c(u, θ, ψ)dψ = 0 for θ = 0, π and for all u. The key point is that, for the positive cosmological constant, u can be only continuous with discontinuous derivatives across the cosmological horizon, so the above expansions are valid only near and inside the cosmological horizon as well as near infinity outside the cosmological horizon. For the negative cosmological constant, the series expansions are taken near r = ∞, the peeling property is not affected even if the coefficients involve Λ. But for the positive cosmological constant, the series expansions are taken both near and inside the cosmological horizons where r ∼ √ 3Λ −1 is finite, and near r = ∞ outside the cosmological horizon. The peeling property can be affected if the coefficients involve Λ near the cosmological horizon. So suitable series expansions are required.
From [51, 52] , we can find the following asymptotic expansions for the vacuum field equations
where X = Λa sin θ, Y = Λb sin θ, and a, b satisfy
Thus a, b can be determined uniquely by B, c, d up to some functions ρ(u), σ(u). Moreover, we can choose B, a, b which are independent on Λ. Let Ψ k , k = 0, . . . , 4, be the Newmann-Penrose quantities. It was proved in [52] that, under Sommerfeld's radiation condition together with the nontrivial B, X, Y , the following peeling property holds (4.6)
They fall faster than usual, which may be missed in the experimental data. We refer to [53] for an alternative boundary condition in the axi-symmetric case, without assuming Sommerfeld's radiation condition, but deforming 2-sphere with Physically, f (−∞, θ) exists. Thus, in order that f (u, θ) exists for any u < ∞ and for u → +∞, Bondi news must satisfy u −∞ c(s, θ)ds < ∞ for any u < ∞ and for u = +∞. This boundary condition is rather restricted which actually excludes gravitational waves with u −∞ c(s, θ)ds = ∞ or +∞ u c(s, θ)ds = ∞ for some u < ∞ or for u = +∞. In a series of papers [54, 55, 56, 57] , asymptotics with Λ > 0 was discussed in framework of conformal compactification, and the linearization theory as well as the quadrupole formula were derived. Some relevant works on the linearization theory can also be found in [58, 59, 60] . The papers [61, 62] discussed the asymptotic vacuum and the electromagnetism Newman-Penrose equations as well as Bondi mass for Λ = 0. The boundary condition in [61, 62] is essentially equivalent to that given in [53] .
The peeling property for Λ = 0 was proved previously by Penrose in framework of conformal compactification [63] , and by Saw without conformal compactification [61, 62] . It was pointed out in [52] that the induced metric on conformal boundary J + are e 2B Λ 3 du 2 + 2Y dudθ + 2Xdudφ + dθ 2 + sin 2 θdφ 2 .
(4.9)
So the boundary condition given in [51, 52] does not seem to consist with Penrose's framework. This new boundary condition is natural in three aspects that it consists with nontrivial Bondi news, gives rise to the peeling property and features B-gravitational waves without Bondi news.
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